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We obtain the complete theory of Newton-Cartan gravity in a curved spacetime by considering
the large c limit of the vielbein formulation of General Relativity. Milne boosts originate from local
Lorentzian transformations, and the special cases of torsionless and twistless torsional geometries
are explained in the context of the larger locally Lorentzian theory. We write the action for
Newton-Cartan fields in the first order Palatini formalism, and the large c limit of the Einstein
equations. Finally, we obtain the generalised Eisenhart-Duval lift of the metric that plays an
important role in non-relativistic holography.
Keywords: Netwon-Cartan structures with torsion, non-relativistic AdS/CFT, Eisenhart-Duval
lift.
In memoriam Christian Duval
As the concept of AdS/CFT correspondence [1–3] is
maturing, the focus of its applications has gradually
shifted from fundamental field theories to condensed mat-
ter systems, see for example [4–6]. In the frame of the
latter AdS/CMat correspondence there has been lot of
activity in recent years in understanding and setting up
a non-relativistic version of holography [7–14]. This is
related with the notion of Galilei-invariant field theories
in curved spacetime [15–20], and the concept of Newton-
Cartan (NC) structures plays an important role [21–26].
In fact, gauging the Bargmann algebra, i.e., the centrally
extended Galilean algebra, yields a torsionless Newton-
Cartan structure [27], and the same procedure allows
defining a Newton-Cartan supergravity [28]. It has been
argued that in the context of holography the appropri-
ate Newton-Cartan structure should include torsion: this
arises in specific holographic models that can be embed-
ded in String Theory [29, 30], in formulations where one
gauges the Schro¨dinger algebra [31, 32], in Schro¨dinger
holography [33], and in studies of non-relativistic phys-
ical systems made using geometrical methods[34, 35].
Torsional Newton-Cartan structures (TNC) are further-
more divided into the simpler twistless torsional struc-
tures (TTNC), where the ‘clock’ vector nµ is hypersur-
face orthogonal, thus allowing the definition of a notion
of time, and the more general uncontrained case. The
TTNC is better understood, quite recently it has been
shown how it arises from the large c expansion of Gen-
eral Relativity [36] in the absence of matter, and how to
build an action principle for it [37]. The generic torsional
case is not as clear.
In this work we present the complete theory of tor-
sional Newton-Cartan gravity, without assuming that the
torsion is twistless. We do this by studying the large c ex-
pansion of General Relativity in the vielbein formalism.
This allows us to produce an action for Newton-Cartan
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fields that is obtained from the Einstein-Hilbert action in
the first order Palatini formalism, as well as displaying
the full equations of motion for the fields, by taking the
large c limit of the Einstein field equations. By studying
the decomposition of the spin connection we can provide
a clear geometrical description of the conditions associ-
ated to zero torsion and twistless torsion. Milne boosts
are seen to arise from the large c limit of Lorentz boosts,
thus justifying their identification in the literature with
Galilean boosts. We remark that Newton-Cartan theo-
ries with unconstrained torsion do not admit the defini-
tion of a time variable. This is a radical departure from
the non-relativistic theories of gravity known so far. The
physical implications of such absence of time probably
still need to be appropriately understood. We take the
pragmatic approach that pursuing an understanding of
such theories is useful for two main reasons: on one side
the applications to non-relativistic holography, as men-
tioned before, and on the other the fact that such theo-
ries arise in the appropriate limit of General Relativity
in the presence of matter, thus opening a different angle
to study these latter important systems.
Our initial motivation for this research was to have a
deeper understanding of the torsion condition. In non-
relativistic holography the bulk metrics are a pp-wave
generalization of AdS spaces [38], clearly related to so
called Eisenhart-Duval lift metrics [23, 26, 39–43]. How-
ever, Eisenhart-Duval lift metrics have always been stud-
ied in the context of zero torsion. It was then natural to
enquire about the meaning of torsion. Since our enquiry
was of a geometrical nature, we started from the begin-
ning with a decomposition the vielbeins of General Rela-
tivity. This lead us to a further decomposition of the re-
maining fields, the spin connection and the Riemann ten-
sor. From the general relativistic metric we then built a
higher dimensional generalized Eisenhart-Duval lift met-
ric that includes torsion and describes the dynamics of
non-relativistic particles in the original curved spacetime.
It then becomes apparent that torsion models the non-
2trivial geometry in which the particles move. We expect
this metric, through its Fefferman-Graham expansion, to
be relevant for the non-relativistic holography bulk dy-
namics.
The general theory described in this letter will be
useful in three separate settings. First, for studying
strong gravitational fields in a non-relativistic setting
in the presence of matter, second for the study of non-
relativistic holography, and third for generalizing the con-
cept of Eisenhart-Duval lift in the framework of dynam-
ical systems.
When this work was substantially complete, we learned
about the results in [37], which overlap with ours. In our
case the TTNC constraint is removed.
A brief review of Newton-Cartan geometries
A Newton-Cartan structure on a non-relativistic d + 1-
dimensional spacetime M is defined by the following set
of geometrical objects: {nµ, h
µν , vµ, Aµ}. n = nµ dx
µ is a
nowhere-vanishing 1–form, the clock, that defines locally
a time direction. hµν is a simmetric tensor that is semi-
positive-definite, of rank d, and whose kernel is generated
by n, hµνnν = 0. One can think of the subspace on which
hµν is positive definite as the ’spatial slice’ of spacetime
at a certain point in M . In order to be able to raise
and lower indices as follows one first chooses a vector vµ
such that nµv
µ = 1. Then vµ must also be nowhere-
vanishing. Such a vector is not unique: any other vector
v′µ that satisfies the same condition can be written as
v′µ = vµ + hµνψν , (1)
for a generic ψµ. In the literature this is called a Milne
boost, and it is associated to the Galilean boosts in the
Schro¨dinger algebra. Given vµ one can now define a new
tensor hµν that satisfies the two conditions
vµhµν = 0 , hµνh
νρ = δρµ − nνv
ρ =: P ρν . (2)
This defines a projector that projects on spatial slices,
and hµν , h
µν are mutually inverse on the subspace of TM
that is in the image of P . The ambiguity in the choice of
vµ is reflected in a related ambiguity in the choice of hµν :
if vµ changes by (1) then hµν has to change according to
h′µν = hµν −
(
nµP
ρ
ν + nνP
ρ
µ
)
ψρ + nµnνh
ρσψρψσ . (3)
The form Aµ included in the definition of a Newton-
Cartan structure appers when defining covariant deriva-
tives, which we indicate with the symbol D, while we
indicate with γ the Newton-Cartan connection. It is cus-
tomary to ask that the covariant derivative satisfies the
following two compatibility conditions:
Dnµ = 0 , Dh
µν = 0 . (4)
In [15] it is shown that these conditions, plus the request
that the torsion has a purely temporal upper index, i.e.
hλρ
(
γλµν − γ
λ
νµ
)
= 0, fixes the form of the connection to
be
γλµν = v
λ∂µnν +
1
2
hλρ (∂µhρν + ∂νhµρ − ∂ρhµν)
+hλρn(µFν)ρ . (5)
The torsion is given by vλ (∂µnν − ∂νnµ) = v
λdnµν ,
while the last term in (5) is tensorial and can be cho-
sen at will for any completely antisymmetric 2–form
Fµν = F[µν]. The connection has been called Newtonian
if dF = 0, i.e. F = dA for a vector potential Aµ which
has often been interpreted as the gauge field associated
to the conservation of mass, or particle number. When
dn = 0 is it possible to show that the connection (5) is
left invariant under a Milne boost if Aµ also changes as
A′µ = Aµ + P
ν
µψν −
1
2
nµh
ρσψρψσ . (6)
When dn 6= 0 instead one finds that it is not possible
to have a connection that is Milne invariant and at the
same time U(1) invariant. The most frequently taken
path consists in keeping the transformation law (6) and
redefining the connection by the following tensorial part
γ˜λµν = γ
λ
µν + h
λσ
(
Aµ∂[νnσ] +Aν∂[µnσ] −Aσ∂[µnν]
)
= v˜λ∂µnν+
1
2
hλρ
(
∂µh˜ρν + ∂ν h˜µρ − ∂ρh˜µν
)
, (7)
where v˜µ = vµ − hµνAν , h˜µν = hµν + nµAν + nνAµ
are Milne invariant. The resulting connection γ˜ is Milne
invariant but is not U(1) invariant. The new fields satisfy
h˜µν v˜
ν = snµ , h
σν = δνµ − nµv˜
ν , (8)
where s = 2Aµv
µ−hµνAµAν is a scalar that is Milne in-
variant but not U(1) invariant. The new covariant deriva-
tive D˜ obtained from γ˜ preserves the previous compat-
ibility conditions: D˜nµ = 0, D˜h
µν = 0. The geometry
is called torsionless when dn = 0, and twistless torsional
when n ∧ dn = 0, i.e. n is hypersurface orthogonal.
Expansion of the vielbeins
We start with the spacetime of General Relativity, mod-
elled with a spin manifold M of dimension d + 1: co-
ordinates on M are given by xµ, µ = 0, 1, . . . , d. Viel-
beins are forms eaˆµ dx
µ, where aˆ = 0, 1, . . . , d are or-
thonormal indices. We will use the split aˆ = (0ˆ, iˆ), with
iˆ = 1, . . . , d. Inverse vielbeins are denoted by Eµaˆ and sat-
isfy eaˆµE
µ
bˆ
= δaˆ
bˆ
, eaˆµE
ν
aˆ = δ
ν
µ. The general relativistic met-
ric onM will be denoted by gµν and e
aˆ
µe
bˆ
νηaˆbˆ = gµν , where
η
aˆbˆ
= diag(−c2, 1, . . . , 1), and similarly EµaˆE
ν
bˆ
gµν = ηaˆbˆ.
Therefore the dimensionality of the inverse vielbeins is[
E
µ
iˆ
]
= 1,
[
E
µ
0ˆ
]
= LT−1, while for vielbeins
[
eiˆµ
]
= 1,[
e0ˆµ
]
= L−1T . Our starting premise is the parameteriza-
tion of the vielbeins in the large c limit
e0ˆµ = nµ −
1
c2
Aµ +O(c
−4) , (9)
eiˆµ = l
i
µ +
1
c2
mi0nµ +
1
c2
mij l
j
µ +O(c
−4) , (10)
E
µ
0ˆ
=
(
1 +
1
c2
A0
)
vµ −
1
c2
mi0L
µ
i +O(c
−4) , (11)
E
µ
iˆ
= Li
µ +
1
c2
Aiv
µ −
1
c2
mjiL
µ
j +O(c
−4) . (12)
3Here miµ is a 1–form and we used the notation A0 =
vµAµ, m
i
0 = v
µmiµ, m
i
j = L
µ
jm
i
µ. Notice how we have
introduced two different projections for the indices of a
generic tensor T
λ1...λp
µ1...µq :
T
0ˆ...lˆp
0ˆ...mˆq
= e0ˆλ1 . . . e
lˆp
λp
E
µ1
0ˆ
. . . E
µq
mˆq
T λ1...λpµ1...µq vielbein,
T
0...lp
0...mq
= nλ1 . . . l
lp
λp
vµ1 . . . Lµqmq T
λ1...λp
µ1...µq
Newton-Cartan.
Expanding the orthogonality conditions for the viel-
beins we find
nµv
µ = 1 , nµL
µ
i = 0 , v
µliµ = 0 , l
i
µL
µ
j = δ
i
j . (13)
Therefore setting hµν := l
i
µl
i
ν , h
µν := Lµi L
ν
i , then
{nµ, v
µ, hµν , h
µν} satisfy the algebraic conditions for a
Newton-Cartan structure. The metric and inverse met-
ric are expanded as
gµν = −c
2nµnν +
(
hµν + 2n(µAν)
)
+O
(
c−2
)
, (14)
gµν = hµν −
1
c2
(
vµvν − 2h(µ|ρAρv
ν) − βµν
)
+O
(
c−4
)
, (15)
where βµν = −2L
(µ|
i m
j
iL
ν)
j .
General Relativity is a gauge theory of local Lorentz
transformations. A generic Lorentz boost can be written,
modulo a rotation, as t′ = γ
(
t− β
c
x1
)
, x′ = γ (x− ut),
where u ∈ R is the speed parameter, β = u
c
, γ = (1 −
β2)−
1
2 . It is well known that in the limit u→ +∞ these
reduce to Galilean boosts t′ = t, x′ = x − ut. This is
encoded in our vielbein expansion: acting on e0ˆµ with a
Lorentz boost and expanding to order c−2 we obtain
n′µ = nµ , (16)
A′µ = Aµ + uαil
i
µ −
u2
2
nµ , (17)
where αi is of modulus one and determines the spatial
direction of the Lorentz boost. If we write uαµ = ψµ,
then this is the transformation law (6). Next, Lorentz
boosting eiˆµ we find
l′iµ = l
i
µ − ψinµ , (18)
which implies (3). The metric is boost invariant under
these transformations. Boosting Eµ
0ˆ
we obtain eq.(1),
and finally boosting E iˆµ we find that L
µ
i is invariant,
which implies the Milne invariance of hµν . With these
transformations it can be confirmed that the inverse met-
ric is also boost invariant, as it should be by construction.
Therefore standard Milne transformations arise from the
large c limit of Lorentz boosts.
The Milne invariant objects h˜µν and v˜
µ in our for-
malism are given by h˜µν = g(0)µν , which inherits Milne
invariance from the local Lorentz invariance of gµν , and
similarly v˜µ = −g(0)µνnν . The Levi-Civita connection of
gµν , which we indicate with Γ
λ
µν , can also be expanded.
We find
Γλµν = c
2hλρn(µdn|ρ|ν) + γ˜
λ
µν +W
λ
µν , (19)
where
Wλµν =
(
vλvρ − 2h(λ|σAσv
ρ) + 2L
(λ|
i m
j
iL
ρ)
j
)
(
nµ∂[νnρ] + nν∂[µnρ] − nρ∂[µnν]
)
(20)
is the same tensor that appears in [36]. Going forward we
will decompose Levi-Civita covariant derivatives in terms
of Milne invariant ones using (19).
Expansion of the spin connection and action for
the NC fields.
We will assume that the general relativistic manifold has
no torsion. If ∇ is the Levi-Civita covariant derivative,
then we can introduce a new covariant derivative ∇ˆ on
objects with mixed curved and orthonormal indices in the
standard way asking that ∇ˆλe
aˆ
µ := ∇λe
aˆ
µ + ωλ
aˆ
bˆ
ebˆµ = 0.
ωλ
aˆ
bˆ
is the spin connection that can be expressed as
ωλ
aˆ
bˆ
= −Eµ
bˆ
∇λe
aˆ
µ . (21)
Using (19) we find that that ωµ
0ˆ
jˆ has no term propor-
tional to c2. This is is related to the fact that it must be
ωµ
0ˆ
jˆ =
1
c2
ωµ
jˆ
0ˆ. We write the expansion as
ωµ
0ˆ
jˆ =
(0)
ω µ
0ˆ
jˆ +
1
c2
(−2)
ω µ
0ˆ
jˆ +O(c
−4) . (22)
At order c0
(0)
ω 0ˆjˆ =
1
2
Lj−| (dn+ n ∧ (v−| dn)) . (23)
This is not Milne invariant, because the spin connection
will transform under a Lorentz transformation. From
eq.(23)
(0)
ω 0ˆ jˆ = 0 if and only if dn = 0, thus providing a
geometrical interpretation within GR of the torsionless
property of Newton-Cartan geometry. This is obvious
when dn = 0. To see that the converse is true, we pa-
rameterize
dn = n ∧ (ρil
i) +
1
2
σij l
i ∧ lj = n ∧ ρ+ σ , (24)
with vµρµ = 0, v
µσµν = 0. Although the individual l
i
are not Milne invariant, one can see that the combination
in dn is Milne invariant, as it should be, if under a Milne
transformation
ρ′i = ψjσji , (25)
σ′ij = σij . (26)
With this parameterisation
(0)
ω 0ˆjˆ = −ρjn+
1
2σjkl
k. Then
this is zero if and only if ρ = 0, σ = 0. The statement
(0)
ω 0ˆjˆ = 0 is Milne invariant, so it will be true at order c
0
in any vielbein frame of the general relativistic theory,
4modulo global Lorentz transformations. TTNC geome-
tries instead are those with σ = 0, and are characterised
by e0ˆ ∧ω0ˆjˆ = 0 at order c
0. The next term in the expan-
sion of ω0ˆjˆ is
(−2)
ω µ
0ˆ
jˆ = L
ρ
j D˜µAρ +
(
1
2
σµkm
k
j +
1
2
(
A0 −A
2
⊥
)
σµj
)
+nµ
(
ρkm
k
j + (A0 −A
2
⊥)ρj −
1
2
Aνβ
νρσρj −
1
2
A0Akσkj
)
+rµ
0
j , (27)
where A2⊥ = h
µνAµAν . The form r
0
j is given by
rµ
0
j =
(−2)
Γ 0µj =
(−2)
Γ λµνnλL
ν
j , (28)
and can also be written in terms of the other fields using
the identity de0ˆ = −ω0ˆjˆ ∧ e
jˆ [44]. The expansion of ωiˆjˆ
begins with a c2 term ωµ
iˆ
jˆ = c
2(2)ω µ
iˆ
jˆ +
(0)
ω µ
iˆ
jˆ + O(c
−2).
In particular
(2)
ω µ
iˆ
jˆ =
1
2
nµσij , (29)
and
(0)
ω µ
i
j = −L
ρ
j D˜µl
i
ρ +
1
2
(Aiσµj −Ajσµi)
+nµ
[
(Aiρj − ρiAj) +
1
2
(mkjσki −m
i
kσjk)
]
+nµ
1
2
βikσkj . (30)
Having the explicit form of the spin connection we can
write the action for the NC fields using the first order
Palatini formalism
S =
c4
8πG
1
2(d− 1)!
∫
ǫaˆ1...aˆDe
aˆ1 ∧ . . . eaˆd−1 ∧Raˆdaˆd+1 .
(31)
Here Raˆ
bˆ
= Raˆ
bˆ
(ω) is the Riemann form expressed in
terms of the spin connection. Variation of the action with
respect to ω gives the relations written above that express
the spin connection in terms of the vielbeins, while vari-
ation with respect to the vielbein gives the Einstein field
equations.
Expansion of the Ricci tensor and the field equa-
tions
Using the expression Raˆ
bˆ
= dωaˆ
bˆ
+ ωaˆcˆ ∧ ω
cˆ
bˆ
for the
Riemann form we calculate the expansion of the Ricci
tensor. We consider the separate components R0ˆ0ˆ, R0ˆjˆ ,
Riˆjˆ . For the former we obtain
R0ˆ0ˆ = −
c4
4
σjkσkj + c
2 [Tr(σmσ) + ρiρi − ∂i (ρi)
−
1
2
σikD˜Aik +
1
2
σikD˜l
k
i0 −
1
4
A2⊥Tr(σ
2)
−
1
4
Tr (σβσ)
]
(32)
plus terms of order c0. For empty space the equations
of motion are R
aˆbˆ
= 0, so that at order c4 we obtain
Tr(σ2) = 0, which implies σ = 0. Then we recover the
result of [36] that the geometry is TTNC, where n∧dn =
0. In the following we will retain σ terms and work with
a generic torsional geometry. A similar calculation gives
the expansion of R0ˆjˆ :
R0ˆjˆ = c
2
[
1
2
∂i (σij) + σikD˜l
k
[ij] + σk[jD˜l
k
i]i[
+σjkρk −
1
4
Tr(σ2)Aj +
1
2
(σσ)jkAk
]
+O(c0) .(33)
The term of order c0 in R0ˆjˆ , which is longer, will be
displayed in [44]. Finally, the expansion of Riˆjˆ :
Riˆjˆ = −
c2
2
(σσ)ij +Ric
(A)
(ij) − ρiρj + ∂(i
(
ρj)
)
+ ρkD˜(il
k
j)
+D˜(i
(
σj)kAk
)
+A(iσj)rD˜l
k
kr +A(iD˜l
r
|k|j)σkr
+2A(iσj)kρk + 2Akσk(iρj) +A(idk(σ|k|j))
−
1
4
AiAjTr(σ
2) +Akσklσl(iAj) −
1
2
(σA)i (σA)j
+(σσm)(ij) + (σmσ)(ij) + r
0
k(iσj)k −
1
4
(σβσ)ij
+O(c−2) . (34)
We have tested the expansion of the Ricci tensor derived
here against the non-trivial metric
ds2 = −
(
cT (r)dt+
cx
κ
dr
)2
+ dr2 + dx2 + dy2 , (35)
with T (r) = a(r) + b(r)
c2
, a and b being arbitrary func-
tions. We have chosen this metric not for its physical
origin, but because it has non-zero values for the torsion
components ρ and σ. We calculated explicitly the viel-
bein components of its Ricci tensor and found agreement
with the tensorial expansion presented in this section in
terms of the NC fields.
The generalized Eisenhart-Duval lift metric
Consider a scalar, classical particle moving in the met-
ric gµν . Its dynamics is determined by the Lagrangian
H = 12g
µνpµpν , where pµ is the relativistic momentum.
For a particle of mass m the Hamiltonian is conserved,
H = −m
2c2
2 . Using the expansion (15) and solving for p0
we obtain
p0 = Aipi +
√
m2c4 + c2pipi + (Aipi)2 + βijpipj . (36)
This is the usual relativistic dispersion relation expressed
in the NC components, and it is Milne invariant by con-
struction. Traditionally the low energy regime is deter-
mined by small values of the spatial momenta, |pi| <<
mc, however in this setting we will also require a con-
dition on the geometry: AkAk = h
µνAµAν << c
2 and
|βij | << c2. Then in this limit we can write a non-
relativistic dispersion relation
p0 −
(
mc2 +
1
2m
pipi +Aipi
)
= 0 . (37)
5This is Milne invariant but is not invariant under the
U(1) gauge transformations of the field Aµ, by construc-
tion. In the non-relativistic holography literature Aµ has
been associated to the conserved current for the parti-
cle number, but in general relativity the particle number
is not conserved even for low energies. To write a non-
relativistic dispersion relation that is both Milne invari-
ant and U(1) invariant we will modify the former relation
by adding the term −m
(
A0 −
1
2A
2
⊥
)
which, as seen ear-
lier, is Milne invariant and not U(1) invariant. It will be
negligible with respect to the rest mass term if A0 << c
2.
So we propose the modified dispersion relation
p0 −
1
2m
pipi −Aipi +m
(
A0 −
1
2
A2⊥
)
= 0 , (38)
where we have absorbed the rest mass term mc2 into a
redefinition of p0. According to an established procedure
[43, 45], we can introduce a new momentum pξ, which
will be constant and equal to −m, associated to a new
ignorable coordinate ξ, and make this relationship homo-
geneous and null:
p0pξ +
1
2
pipi − pξAipi − p
2
ξ
(
A0 −
1
2
A2⊥
)
= 0 . (39)
Such null conic is associated to null geodesics of a new
Hamiltonian H = 12 gˆ
MNpMpN , written in terms of a set
of d+2 coordinates xM = {xµ, ξ}. The metric gˆ is given
by
gˆMNdx
MdxN = nµdx
µ (dξ +Aµdx
µ) + hµνdx
µdxν .
(40)
When dn = 0 this reduces to a standard Eisenhart-Duval
lift metric. However for dn 6= 0 as we have shown this
describes the non-relativistic dynamics in the original
spacetime with generic metric gµν . The dynamics now
is U(1) invariant as gauge transformations of Aµ are ab-
sorbed by a shift in the variable ξ.
Conclusions
By embedding torsional NC gravity into General Rela-
tivity we have been able to write the equations of motion
and the action in generality, without restrictions on the
torsion. Thus our approach can be used to study non-
relativistic gravity as it interacts with matter, and it can
provide a starting point for its quantization. We have ex-
plained how the metric (40), that has already appeared
in the literature, arises from non-relativistic motion in a
generic GR metric gµν , thus clarifying its physical mean-
ing and opening new avenues for its study in the context
of dynamical systems. Our explicit decomposition of the
spin connection can have applications in non-relativistic
holography, constructing the action and equations of mo-
tion of non-relativistic spinors.
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